Following an approach suggested by B. Lindstr om we prove that the dual of a matroid representable over a skew eld is itself representable over the same eld. Along the same line we show that any matroid within this class has an adjoint. As an application we derive an adjoint for the dual of the Non-Pappus-Matroid. Furthermore, we reprove a result by Alfter and Hochst attler concerning the existence of an adjoint for a certain eight point con guration and show that this con guration is linearly representable over a eld if and only if the eld is skew.
Introduction
There is a well understood \set-theoretical" concept of duality in matroid theory derived by a combinatorial abstraction of orthocomplementary pairs of vector spaces. A di erent \lattice-theoretical" concept, modelling the point-hyperplane duality of classical geometry { we will call it polarity { was rst introduced into matroid theory by A.L.C. Cheung in Che74]. He observed that his concept generalizes polarity in the linear case but does not work for arbitrary matroids. In oriented matroid theory which is closer to a geometric situation in Euclidean space polarity was introduced and studied by Bachem and coworkers ( BaKe86] , BaWa89]). Since an oriented adjoint induces an adjoint for the underlying matroid a standard technique to prove non-existence of an oriented adjoint is to study the underlying matroid. The two concepts of duality are somewhat incompatible. In AKW90] M. Alfter, W. Kern and A. Wanka showed that the dual of the Non-Desargues con guration does not admit an adjoint whereas the Non-Desargues con guration itself { as a rank 3 matroid { does. This raises the question about an adjoint for the dual of the Non-Pappus con guration. In AlHo93] M. Alfter and the rst author showed that any pseudomodular matroid of rank four has an adjoint and presented a non-linear eight point torus as an example. The starting point for the study of that con guration was a question of J. Richter-Gebert who actually was interested in an adjoint for a corresponding oriented matroid. Reexamining the proof of nonlinearity of this torus we observed that commutativity of the eld plays an essential role. In fact, the con guration is linearly representable over any skew eld. It took an article by Lindstr om L88] to remind us of the fact that orthogonality works ne for vectorspaces over skew elds. Since both duality and polarity are abstractions of orthogonality this suggests to transcribe the standard constructions of the dual and the adjoint from commutative to skew elds. This is what we are going to do here. As applications we get an adjoint of the Non-Pappus dual and a new proof for the existence of an adjoint for the eight point torus. As the linear algebra of vectorspaces over skew elds may be not as familiar as that over commutative elds, we now collect the relevant facts from skew linear algebra. Proofs of these results may be found in A57] and B52]. In the following the term \ eld" refers to a not necessarily commutative eld while \skew eld" refers to a non-commutative eld.
For a subset S of a K-vectorspace V we let hSi denote the subspace of V spanned by the vectors contained in S. ). The Abelian group V := Hom(V; K) then becomes a left K-vectorspace by de ning (a')(v) := a'(v) for a 2 K; v 2 V and ' 2 Hom(V; K). For 2 Hom(V; V 0 ) the dual map 2 Hom(V 0 ; V ) is given by (') := ' for ' 2 V 0 . For each basis fe 1 ; : : : ; e n g of a vectorspace V of nite dimension n there exists the dual basis fe 1 ; : : : ; e n g of V characterized by e i (e j ) = ij . In particular one has that dim(V ) = dim(V ). For subspaces U V and U V one de nes the orthogonal subspaces U ? := f' 2 V j 8u 2 U : '(u) = 0g V ;
Notice that in the nite-dimensional spaces we are considering the inconsistency of this notation vanishes due to the fact that there exists a canonical isomorphism between V and V given by Suppose hXi 6 = U: Pick some maximal independent subset I of X and and some v 2 U n hXi: Then I fvg is a linearly independent subset of V . Extend this set to a basis of V by some J E. Then cl(I J) is a hyperplane of M containing X and v = 2 cl(I J).
Contradiction.
Existence of a linearly representable Adjoint
After these preparations it is clear how to mimic point-hyperplane duality in vectorspaces over skew elds. (e 1 a 1 + : : : + e n a n ) = v 1 a 1 + : : : + v n a n (a 1 ; : : : ; a n 2 K): Then V 00 := ker( ) is an (n ? s)-dimensional right K-vectorspace. Denote the inclusion map by : V 00 ?! V . Let fe 1 ; : : :; e n g denote the basis of the left K-vectorspace V that is dual to the basis fe 1 ; : : :; e n g of V . Theorem 2 The map i 7 ! (e i ) (1 i n) provides a linear representation of M in the left K-vectorspace V 00 . 
Applications
Combining Theorems 1 and 2 we have the following Corollary 1 which implies that the dual of the Non{Pappus{Matroid admits an adjoint, as it is well-known that the Non{ Pappus{Matroid is linearly representable over (all) skew elds.
Corollary 1 If a matroid is linearly representable over a (skew-) eld K then its dual admits an adjoint linearly representable over K.
In AlHo93] the authors considered the matroid T on E = fe 1 ; : : : ; e 8 g of rank 4 whose set of bases consists of all 4-element subsets of E with the exception of fe 1 ; e 2 ; e 5 ; e 6 g; fe 2 ; e 3 ; e 6 ; e 7 g; fe 3 ; e 4 ; e 7 ; e 8 g; fe 1 ; e 4 ; e 5 ; e 8 g; fe 3 ; e 4 ; e 5 ; e 6 g; fe 1 ; e 4 ; e 6 ; e 7 g; fe 1 ; e 2 ; e 7 ; e 8 g:
A representation of T is shown in Figure 1 . Being a pseudomodular matroid of rank 4 it follows from the main result of that paper that it admits an adjoint. We reprove that T admits an adjoint by showing that T is linearly representable over any skew eld. The reason for the non-linearity of T over commutative elds is the independence of fe 2 ; e 3 ; e 5 ; e 8 g in T. We restate this in the following condition which is a reduced version of the sixteen-point theorem of projective geometry as observed by J. Richter-Gebert (see RG92]).
De nition 3 A projective geometry of rank not less than 4 is said to satisfy the Torus- Proof. It was shown in AlHo93] that for point con gurations in vector-spaces over commutative elds the Torus-Condition is always satis ed. Thus from the fundamental theorem of projective geometry (see e.g. T69] Kap.V) one direction of the claim follows.
Thus, it su ces to show that the existence of some ; 2 K such that 6 = yields an eight point con guration in K 4 (regarded as a right K-vectorspace) violating the Torus-Condition. Let e i (1 i 4) denote any basis of K 4 . Then p i := e i for (1 i 4), p 5 := P 4 i=1 e i , p 6 := e 1 + e 2 + (e 3 + e 4 ) , p 7 := e 1 + e 2 + e 3 + e 4 and p 8 := e 1 + e 2 + e 3 + e 4 yield an eight point con guration violating the TorusCondition.
The result from AlHo93] suggested that T is a not too weird perturbation of a matroid linear over Q and thus its oriented version should admit an adjoint. Here we proved that, more directly, an adjoint can be derived from the skewlinear structure of T. This does not seem to give any hint concerning the question about an oriented adjoint. More generally speaking the following is unclear: Does there exist an orientable matroid which is linearly representable over a skew-eld but does not admit an oriented adjoint?
